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ABSTRACT 

In  t h i s  paper we extend the r e s u l t  due t o  Vin ter  - Kwong (SIAM J. Control  

Optim., 19 (1981) pp. 139-153) on a r e g u l a t o r  problem f o r  a h e r e d i t a r y  

d i f f e r e n t i a l  system with delays i n  the c o n t r o l  t o  the case when point de l ays  

are included i n  the  con t ro l .  The main d i f f e r e n c e  from t h e  case when poin t  

de lays  a r e  excluded is t h a t  we have t o  d e a l  wi th  an unbounded, unc losable  

inpu t  opera tor  i n  our a b s t r a c t  formulation. 

Research f o r  t h i s  work was supported under NASA Contract No. NAS1-15810 
while  t h e  au thor  w a s  i n  res idence  a t  ICASE, NASA Langley Research Center,  
Hampton, VA 23665. 



1. In t roduct ion  

I n  t h i s  paper we consider a quadra t i c  c o s t  c o n t r o l  problem both i n  f i n i t e  

and i n f i n i t e  time f o r  a l i n e a r  func t iona l  d i f f e r e n t i a l  equat ion  wi th  de lays  i n  

t h e  con t ro l .  The class of problems considered is f a i r l y  gene ra l  and may 

inc lude  "point delays" i n  the con t ro l .  

Such a cont ro l  problem has been s tud ied  by a number of au thors  [4], [ 7 ] ,  

[ 81, and [ 111. For the case when point de lays  are excluded i n  the  c o n t r o l ,  

complete r e s u l t s  are a v a i l a b l e  [ll]. Reference 181 i s  concerned wi th  t h e  

i n f i n i t e  t i m e  problem f o r  t he  case when only poin t  de lays  are present i n  t h e  

s ta te  and control.  I n  t h a t  paper, however, no j u s t i f i c a t i o n  of ex i s t ence  and 

uniqueness of so lu t ions  t o  a steady s ta te  vers ion  of a R icca t i - l i ke  equat ion  

which cha rac t e r i zes  t h e  optimal feedback opera tor  was obtained. 

The method used here  is based upon a n  equivalence between the  s o l u t i o n  of 

f u n c t i o n a l  d i f f e r e n t i a l  equation with de lays  i n  t h e  c o n t r o l  and t h a t  of a 

"dual" evolu t ion  equation, which is  motivated by t h e  idea  of Vinter-Kwong 

[ 111. By using t h i s  equivalence,  the q u a d r a t i c  c o s t  c o n t r o l  problem may be 

transformed i n t o  a dual c o n t r o l  problem, which has been discussed i n  [5] as a 

dua l  de t e rmin i s t i c  c o n t r o l  problem t o  the  f i l t e r i n g  problem f o r  a s t o c h a s t i c  

f u n c t i o n a l  d i f f e r e n t i a l  equat ion  wi th  delays i n  the  observa t ion .  

It is  shown t h a t  t h e  optimal c o n t r o l  t o  t h e  f i n i t e  t i m e  problem may be 

expressed i n  a feedback form i n  terms of a unique s o l u t i o n  t o  a Riccati  

equat ion  which inc ludes  an unbounded ope ra to r  i n  t h e  quadra t i c  term. It is 

necessary t o  overcome t h i s  unboundedness when t h e  s teady  state s o l u t i o n  of t h e  

Riccati  equation i s  discussed. The p r i n c i p a l  r e s u l t  is  t h a t  under the  usua l  

assumptions of s t a b i l i z a b i l i t y  and d e t e c t a b i l i t y  t h e  opt imal  s o l u t i o n  t o  t h e  

i n f i n i t e  t i m e  problem may be expressed i n  a feedback form t h r o u g h ' a  unique 

s o l u t i o n  of an  "a lgeb ra i c  Riccati equation" and t h a t  t he  c losed  loop  system i s  

s t a b l e .  

-2-  



As an a p p l i c a t i o n  of the above w e  may d i scuss  the s t a b i l i t y  of a f i l t e r  

equat ion  f o r  a s t o c h a s t i c  func t iona l  d i f f e r e n t i a l  equat ion  wi th  delays i n  t h e  

observa t ion .  

The following n o t a t i o n  w i l l  be used throughout t h e  paper. L2( I ;R  ') i s  

the  H i l b e r t  space of R '-valued, square i n t e g r a b l e  func t ions  on t h e  compact 

i n t e r v a l  I. I n  t h e  special case where I = [-r,O] wi th  r > 0 we s h a l l  

abb rev ia t e  t he  n o t a t i o n  and simply write In  such a case t h e  range space 

of the func t ions  i s  determined by the context.  i s  t h e  H i l b e r t  

space of l o c a l l y  square i n t e g r a b l e  func t ions  on t h e  semi - in f in i t e  

i n t e r v a l  I. 

L2. 

L loc ( I ;R  ') 

R a-valued 

I f  X and Y are Banach spaces, then t h e  space of bounded ope ra to r s  

from X i n t o  Y is  denoted by L ( X , Y ) .  P ( A )  denotes the  domain of an  

ope ra to r  A .  The a d j o i n t  of a densely def ined  l i n e a r  ope ra to r  A from one 

H i l b e r t  space t o  another  i s  w r i t t e n  by A*. The t ranspose  of a mat r ix  A is  

denoted by AT. xI denotes the characterist ic func t ion  of t he  set I. 

W e  denote by M2 t he  product space l? x L2([-r ,0] ; l?) .  Given an 

element Q E M2, Q E R and 4 E L2 denote t h e  two coord ina tes  of 0 N 1 

0 1  4 ,  Q = (Q ,$ ). The symbol << *, *>, s t ands  f o r  t he  n a t u r a l  i nne r  product i n  

M2. A l l  t he  o the r  i nne r  products w i l l  be denoted by <*,e> and t h e  

underlying space is  understood from the  contex t .  

11*II denotes the norm of e lements  of a Banach space and of ope ra to r s  between 

a Banach spaces. Given a measurable func t ion  x:[-r,=) + R and t > 0, 

t h e  func t ion  x Of-r,O] + R i s  defined by x t ( e )  = x(t+9). a 
t' 
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2. The h n c t i o n a l  D i f f e r e n t i a l  Equation 

Consider the inhomogeneous func t iona l  i n t e g r a l  equat ion  i n  $J; 

+ t 

x ( t )  = 4’ + 1 L xsds +f Bu ds ,  
S 0 0 

and uo = T). 
1 xo = 4 E L* 

The c o n t r o l  func t ion  u ( * )  t akes  va lues  i n  and 

B : L2([ - r ,0 ] ; f ‘ )  +I? is  def ined  by 

where 

and 

-r < Ok < < el < 0 and 

5 Bi + 
i=l -h 

B(8) de < =. 

The l i n e a r  map L : L2( [ -r , O ]  ; -rE”) +# i s  represented  by 

(2.3) 

k e 

where 

- 4 -  



Note t h a t  i f  u E Lioc  ([-r ,O];@) then t h e  inhomogeneous term "But" i s  

l o c a l l y  square i n t e g r a b l e ,  Hence i t  follows from [3]  t h a t  t h e r e  e x i s t s  a 

unique l o c a l l y  abso lu te ly  continuous s o l u t i o n  t o  (2.1) wi th  

0 1  loc  Q = ( 0  ,$ E M2 and u E L ([-r,=): am). 2 

3. A Dual Evolut ion Equation 

L e t  us  cons ider  t h e  "transposed" homogeneous f u n c t i o n a l  i n t e g r a l  

equation: 

(3.1) 
t 

x ( t )  = 4' + ILTx d s ,  
o s  

1 
xo = 4 E L2' 

where 

From known r e s u l t s  [ 3 ] ,  [ l o ]  we may s t a t e  t he  following. 

Lemma 3.1 L e t  t he  family T ( t ) , t  > 0 be t h e  s o l u t i o n  semi-group on M2 

a s s o c i a t e d  with (3.1). Then 

( i )  i t s  i n f i n i t e s i m a l  generator A i s  cha rac t e r i zed  by 

0 1  0 1  1 D ( N  = {Q = ( $  ,$ 1 E M21Q E L2 and $' = @ (0)) , 
A b  = ( L T $ , 6 ) ,  f o r  Q E N A ) ;  

( i i )  t he  a d j o i n t  A* of A generates a s t r o n g l y  continuous semigroup 
* 

T ( t ) ,  t > 0 on M2 and is  defined as follows: 
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* 0 1  
D(A ) = {+ = ((1, ,+ E M2 I E L2 and z(-r) = 0), 

where 

(3.2) 

Define t h e  l i n e a r  map B:M2 + by 

Then D(B)BD(A). 

D(A) i t s e l f  i s  a Hi lbe r t  space when endowed wi th  t h e  inne r  product 

and w i l l  be denoted by X. Recall t h e  fol lowing ([6, Lemma 3.2 and 3.31): 

LEMMA 3.2 .  Let X' be t h e  s t rong  dua l  space of X wi th  respect t o  

M2-norm. Then 

( i )  T ' ( t ) ,  t > 0 de f ines  a s t r o n g l y  continuous semigroup on X' 

and D ( A ' )  = M2. 

( i i )  BT(*) E L(M2,L2([0,T]; R m ) )  f o r  any T > 0 and 

( B T ( @ ) ) * ~  = T'(s)B'u(s)ds f o r  u E L2([0,T]; .Rm), 



where ( ') denotes the dua l  opera tors .  

Note t h a t  

L e t  us cons ider  a dual evo lu t ion  equation i n  X'; 

Then (3.5) has a unique mild s o l u t i o n  

( 3 . 6 )  g ( t )  = T ' ( t )+  + 4 T' ( t - s )  B'u(s)ds . 

Since T ' ( t )  , t he  r e s t r i c t i o n  of T ' ( t )  t o  M2 is equal  t o  T*(t) f o r  

each t > 0, , by v i r t u e  of Lemma 3.2 ,  x(*) M2 
N 

M2 
i s  a continuous func t ion  i n  

loc 
2 f o r  CC, E M2 and u E L ([O,=); e). 

4. Equivalence 

In t h i s  s e c t i o n  we der ive  an equivalence between the  s o l u t i o n  t o  (2 .1)  

and t h e  func t ion  x(*) defined by ( 3 . 6 ) .  For t h i s  purpose, we i n t roduce  t h e  
N 

continuous,  l i n e a r  map M(.,.) : M~ x L ~ ( [ - ~ , o ]  ; e) + M~ 

( 4 . 1 )  

where 
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W e  remark tha t  our opera tor  M i s  a n a t u r a l  ex tens ion  of t h a t  introduced i n  

[8 ]  and [ l l ] .  

Theorem 4.1. Suppose t h a t  x ( t ) ,  t > - r ,  i s  t h e  s o l u t i o n  t o  (2.1) and 

x ( t ) ,  t > 0 i s  defined by ( 3 . 6 ) ,  with i n i t i a l  func t ion  + = M(@,TI) .  

Then f o r  t > 0 

N 

Moreover f o r  t > r and f o r  a r b i t r a r y  i n i t i a l  f u n c t i o n  (I, 

where g o ( t )  i s  the f i r s t  component of g ( t ) .  

Proof:  Assume 4 E D(A*) and u E U = {abso lu te  continuous func t ions  wi th  

u(0)  = 0 and l o c a l l y  square i n t e g r a b l e  d e r i v a t i v e  }. Then 

A'GW = T * ( ~ ) A * G  + T'(t-s)B';(s)ds - B ' u ( t )  in X'. 

Hence A'g( t )  + B'u ( t )  i s  continuous i n  t h e  to?ology of M2, which when 

combined with the f a c t  t h a t  x ( * )  is  a s t r o n g  s o l u t i o n  t o  (3.5), impl ies  

x ( t )  i s  continuously d i f f e r e n t i a b l e  i n  the  topology of 

N 

N 

M2. 



NOW G(t> must satisfy 

(4.5) 

where 

(4.6) 

(4.7) 

e -1 
z(t;e) = x (t;e) - J dp(5); '(t), for 8 E [-r,O]. 

-r 

Define for t > 0 and 8 E [-r,O] 

Then g(t;8) is differentiable in 8 and we write (4.5) as an equation for 
N 

z(t; e): 

Now consider the semigroup of truncated right shifts on 

L2, {ow, t 0) 

(4.8) 

for 8 E [-r,O] and g e L2. Then (-d/dO)(*) is its infinitesimal generator 

and z(O;*) evolves in the domain { $  e L ,; E L and $(-r) = 0). 2 2 
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N 

We may view z ( t ; * )  t h e r e f o r e  as a s t r o n g  s o l u t i o n  t o  an  evo lu t ion  

equat ion i n  L2. Hence we have 

By us ing  ( 4 . 8 )  and i n t e g r a t i o n  by p a r t s  we o b t a i n  

Now suppose t > r. Then i t  fol lows form ( 4 . 6 )  and ( 4 . 7 )  t h a t  

* 
Hence ( 4 . 3 )  holds i f  4 E D ( A  ) and u E U. 

0 1  Next suppose t h a t  t he  i n i t i a l  func t ion  ( ( I $  ,I$ ),q) of the  equat ion  (2.1) 

belongs t o  the subspace Q: 

0 1  * 
and t a k e  4 = M(($ ,I$ ),q) as an i n i t i a l  func t ion  of ( 3 . 6 ) .  Then (1, E D ( A  ). 

Indeed 

-10- 
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For such a choice of the  i n i t i a l  func t ion ,  by (4.6) (4.7), and (4.9) we 

have 

f o r  -r < 0-t < 0 and t > 0 ,  

which may be w r i t t e n  as 

(4.11) 

1 when we take  $ ) ( e )  = 4 ( 0 1 ,  u(0)  = ~ ( 0 )  f o r  0 E [-r,O], ( recal l  

4 ( 0 )  = 4' = ?(O) 
1 and ~ ( 0 )  = u(0)  = 0). It fol lows now from (4.4) t h a t  t h e  

l o c a l l y  abso lu te ly  continuous funct ion on [-r ,  =) defined t o  be 

4 1 ( t ) ,  z E [-r,Ol and ? ( t ) ,  t E [O,=), coinc ides  wi th  t h e  s o l u t i o n  x ( t ) ,  

t > -r t o  (2.1) because of t he  uniqueness of s o l u t i o n s  of (2.1). Hence from 

(4.10) and (4.11) we see t h a t  (4.2) holds i f  ( 4 , ~ )  E Q and u E U. 

Note t h a t  Q i s  dense i n  3 x L2([-r,0]; p) and p(A*) x U is dense 

i n  ~2 x L ~ ( [ o , ~ ] ;  I?') f o r  any t > 0. Hence by us ing  t h e  argument i n  [4, 

pg. 1451, which is  an app l i ca t ion  of ex tens ion  by con t inu i ty  arguments, we may 

show (4.2) holds  f o r  any i n i t i a l  func t ion  ( 4 , ~ )  E 3 x L2 and (4.3) ho lds  f o r  

loc 
r, any i n i t i a l  func t ion  (1, E M 2 and cont ro l  u E L 2 ([O,=); p). 
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5 .  A Finite Time Quadratic Cost Control Problem 

Let C be a p x N matrix and let the initial function 

be given. 0 1  
( ( 0  ,Q Lrl) E 3 x L* 

Consider the following control problem: 

2 over u(=) E L ([O,T]; e), subject to (2.1). 

-Define c E L( Rp,M2) by 

T 
(5.2) cy = (C y , ~ )  E M~ for y e RP. 

Then by Theorem 4.1,  (5.1) may be reformulated as 

m 

(5.3) 

over u(=) E L2([0,Tl; R m > ,  where z(t>, t > 0 is given by (3.6) with 

initial function 0 1  
CC, = M((Q , a  ),q). 

Hence applying Proposition 6.3 and Theorem 6.6 in [ 5 ]  we obtain the 

following: 

* 
Theorem 5.1. The unique solution u to the control problem (5.1) is 

given by 

( 5 . 4 )  
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,* * 
where x ( t )  i s  the  optimal t r a j e c t o r y  corresponding t o  u of ( 3 . 6 ) ,  

and PT(t)  i s  the s o l u t i o n  t o  the Riccati equat ion 

f o r  a l l  @ e M2 and P(T) = O., 

which i s  unique i n  the  class of nonnegative d e f i n i t e ,  s e l f - ad jo in t  o p e r a t o r s  

ope ra to r s  on M2 s a t i s f y i n g  (i) 1 1  AP(t)@ 1 1  i s  l o c a l l y  square i n t e g r a b l e  and 

( i i )  <P(t)6,4> is  l o c a l l y  absolu te ly  continuous f o r  a l l  4 e M2. 

Moreover we have 

,* * * * * 
kom Theorem 4.1 x ( t )  = M((x ( t ) , x t ( * ) > , u t ( * > )  where x ( 0 )  i s  t h e  

* 
s o l u t i o n  of (2.1) corresponding t o  u and hence 

(5.7) 

6. The I n f i n i t e  Time Problem 

In t h i s  s ec t ion  w e  consider  t he  i n f i n i t e  t i m e  vers ion  of t he  c o n t r o l  

problem (5.11, i.e., 

over  u E L2([0,=); m , subjec t  t o  ( 2 . l ) ,  given i n i t i a l  func t ion  

-13- 



For any K E L(M2,*) i t  i s  known [5,  Lemma 6.41 t h a t  t he  equat ion 

t 

0 
N x ( t )  = T*(t)JI + T'(t-s)B'K;(s)ds, 

2 '  has a unique continuous s o l u t i o n  f o r  each 3, E M 

Define U ( t )  E L(M2)  as 

N 

where x(*) is the  s o l u t i o n  t o  (6.2).  Then i t  i s  easy t o  show t h a t  

U( t ) ,  t > 0 s a t i s f i e s  the  semigroup property.  Hence U ( t ) ,  t > 0 de f ines  a 

s t r o n g l y  continuous semigroup on M 2 .  

Note tha t  

( 6 . 4 )  

f o r  any (1, E M2. Hence the  domain of t he  i n f i n i t e s i m a l  genera tor  a s soc ia t ed  

t o  D ( A * )  i n  genera l .  

D e f i n i t i o n  6.1 

(i) The pair (A$) i s  s t a b i l i z a b l e  i f  t he re  exists an opera tor  

K E L(M2, p) such t h a t  t h e  semigroup U ( t ) ,  t > 0, defined by (6.3) i s  

exponent ia l ly  s t a b l e ,  i.e., 

-14- 



f o r  some p o s i t i v e  cons tan ts  M and u 

(ii) The p a i r  ( A , C )  i s  de tec t ab le  i f  t he re  e x i s t s  an opera tor  

F E L(RP,M2) such t h a t  A* + f C *  genera tes  an exponent ia l ly  s t a b l e  

semigroup on M2. 

It should be noted t h a t  by the theorem due t o  Datko [ 2 ]  t h i s  d e f i n i t i o n  

of s t a b i l i z a b i l i t y  and d e t e c t a b i l i t y  is equiva len t  t o  that  def ined i n  [ l l ,  

D e f i n i t i o n  7.11. 

The fol lowing i s  the  so lu t ion  t o  the  con t ro l  problem (6.1) 

Theorem 6.2. Consider t he  equation i n  

(6.5) 2 dP@,@> - <BP@,BP@> + <C*@,C*@> = 0 ,  f o r  a l l  @ E M2, 

w i th in  a class of nonnegative d e f i n i t e ,  s e l f - ad jo in t  ope ra to r s  i n  L(M2) 

t h a t  AP E L ( M 2 ) .  Then 

such 

( i )  I f  ( A , B )  is  s t a b i l i z a b l e ,  then (6.5) has a s o l u t i o n  

( i i )  If ( A , B )  is  de tec t ab le ,  then (6.5) has a t  most one s o l u t i o n ,  and 

if P i s  the  s o l u t i o n ,  then A' - B'BP genera tes  an exponent ia l ly  s t a b l e  

semigroup. 

( i i i )  If ( A , B )  i s  s t a b i l i z a b l e  and ( A , C )  i s  de tec t ab le  then 

PT(0) + P(s t rongly) ,  as T + =, 

where i s  a unique so lu t ion  t o  (6.5), and P ( 0 )  i s  the  unique s o l u t i o n  t o  

(5.5) f o r  each T > 0, and the  optimal s o l u t i o n  t o  (6.1) is given by 

T 
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,* 
where x ( 0 )  sa t i f ies  

* N *  

u ( t )  = - B P X  ( t ) ,  

t 

0 

N x ( t )  = T*(t)(1, - I T'(t-s)B'K G(s)ds ,  

* * * * 
From Theorem 4.1 we have z * ( t )  = M((x ( t ) , x t ( o > > , u t ( o ) ) 9  where X 

* 
i s  the  so lu t ion  corresponding t o  u 

Moreover, 

7 .  Proof of Theorem 6.2. 

Under the assumption of s t a b i l i z a b i l i t y  t h e r e  e x i s t s  a K such t h a t  t h e  

corresponding semigroup u ( t ) ,  t > is  exponen t i a l ly  s t a b l e .  Then 

( 7 . 1 )  

m 

c ( tiCii2 + IIK ti2) 1 IlU(t)@n*dt 

0 

2 < gll@ll f o r  some p o s i t i v e  cons tan t  f3. 

It fol lows from the  r e l a t i o n  (5.6), (no te  t h a t  (5.6) ho lds  f o r  an a r b i t r a r y  

i n i t i a l  funct ion (1, E M2) t h a t  PT(0),  T > 0 forms a monotone nondecreaing 

sequence of s e l f - ad jo in t  opera tors  on %, uniformly bounded above. Hence by 1 

Theorem 2 [12, pp. 3041 PT(0) converges s t r o n g l y  t o  some se l f - ad jo in t  

ope ra to r  P s a t i s f y i n g  P < BI. 
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However s i n c e  8 i s  not i n  L ( M 2 , e ) ,  t h i s  may not imply the  

convergence of 8PT(0) $ f o r  any 4 E M2. Hence we  need f u r t h e r  

i n v e s t i g a t i o n .  

Lemma 7.1. APT(0)+ + A P +  ( s t rong ly )  i n  3 f o r  any J, E % .  

Proof: By using s tandard  arguments i n  161 and 11, Chapter 31 w e  may show - 
t h a t  

* -* 
where x T ( * )  is t he  opt imal  t r a j e c t o r y  corrresponding t o  u f o r  each 

T > 0. Since C C % ( t >  = (C Cy ,0) E M;! f o r  each t > 0, i t  may be w r i t t e n  

as 

*N* T -O* 

T * 

where X ( t ) ,  t > -1: i s  the fundamental matr ix  s o l u t i o n  of the equat ion  (2.1): 

i.e., 

X ( 0 )  = I and X(0) = 0, 8 E [-r,O). 

Since PT(0 )+  E D ( A )  f o r  any + E 3, we have from Lemma 3.1 

= 4 dX(s+B)C T CxT -O* (s ) ,  e E [ - r , O J .  
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Using (7.1) w e  ob ta in  

-18-  i-- 

( 7 . 3 )  

where i t  should be not iced  t h a t  -2r < 8 + < 0. 

Now we view our problem as t h a t  def ined on the  extended i n t e r v a l  [-2r,0].  

P;(=) be a s o l u t i o n  of the Riccati equat ion i n  Let 

ZP x L ~ ( [ - ~ ~ , o I ; I ? ' J )  

0 1  P ~ ( T >  = o f o r  a l l  4 = ( 4  , 4  

where <=,e> denotes the n a t u r a l  i nne r  product i n  

E XP x L ~ ( [ - ~ ~ , o I ;  $1, 

R N x L2 ([-2r,OI; #), e 

and if IL E (L2([-2r,0];  $1, L2([ - r ,0 ] ;#) )  i s  def ined  by 

1 1 f o r  4 1 E L2([-2r,0];  #), then 
%@ = 4 X[-r,ol 

PPAe) = {6 E R N  x L2([-2r,01; RN) 6' E L2 and 4' = $'(O)},  



Let us consider the corresponding control problem: 

over u E L2( [O,T] ; P I ,  subject to 

where Te(t>, t > 0 is the semigroup generated .by A e .  Note that by Theorem 

4.1, for u E L2 loc ([O,=); p) such that u(t) = 0 for t E [0,2r], ?( * )  

satisfies 

and 

where 

0 , otherwise. 

P Now let u( * )  be chosen as follows 
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Then i t  i s  eas i ly  v e r i f i e d  t h a t  

Hence P;(O) is  uniformly bounded above and s o  P;(O) converges s t rong ly  i n  

R~ x L % ( [ - Z ~ , O ] ;  $1. 
e 0 1  1 

NOW s ince  [pT(0) ($0a41>~1 = r [ ~ ~ ( o ) ( $  ,$ x [ - r , o l ) ~  , 
i t  follows from ( 7 . 3 )  t h a t  

where 

( 0 )  f o r  8 E [-2r,0] and -0 (I, = (I, 0 

By using the same arguments i n  [9, Theorem 4 . 1 ,  p. 1431 and [6,  

Propos i t ion  3.11 w e  may show t h a t  C xT(-e) converges s t rong ly  i n  L2 as 

T + m. It now follows from, ( 7 . 4 )  t h a t  [AP,(O)J,I'(*> converges s t rong ly  

i n  

*N* 

T L2, which when combined with the  f a c t  t h a t  O(d/de) CD(L ) 

and [Ap$T(0)(I,]o = LTPT(0)(I,, implies  [APT(O) J, l o  converges i n  3[r. 

Hence we may conclude t h a t  APT(O)+ converges s t rong ly  i n  % f o r  any 

(I, E M2. Since A i s  closed and PT(0)(I, + ?'(I, s t rong ly ,  t h i s  i m p l i e s  

A PT(0)& converges s t rongly  t o  AP+ f o r  any (I, E 3. (Q .E .Do) 

Since V ( A )  C D(B) it  f o l l o w s  from Lemma 7.1 t h a t  BPT(0)  (I, + BP4 i n  

P f o r  any (I, E 3. Then it is  easy t o  show t h a t  P s a t i s f i e s  (6.5) [ 61 . 

-20- 



To prove the uniqueness under the assumption of detectability we need the 

following lemma. 

Lemma 7 . 2 .  Suppose there exists a solution P to ( 6 . 5 )  and ( A , C )  is 

detectable. Then A' - B'BP generates an exponentially stable semigroup on 

Proof : Since ( A , C )  is detectable there exists an operator 

F E L( R ',M2) such that A* + CF* generates an exponentially stable 

semigroup S(t), t > 0 on M2, i.e., 

lls(t>ll < K e-Wt, t > o for some positive constants K and a. 

Suppose U(t), t > 0 is the semigroup generated by A' -B'8 I$, then we may 

show that 

c t 

for any (1, E 3 since 

and A + C f *  is associated with the functional differential equation in # 
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Now suppose z ( t )  = U(t)  (1, Then we show t h a t  

2 '  f o r  any (1, E M 

From the  assumption 

2 ( A k ( t ) , z ( t ) >  - <BPz(t) ,BPz(t)> + <C * z ( t ) , C  * z ( t ) >  = 0, 

f o r  each t > 0 , i t  follows from [5 ,  Theorem 6.51 t h a t  

Hence w e  have 

d * * 
d t  - gPz(t),z(t)>> = <BPz( t )$Pz( t )>  + <c z ( t ) , C  z ( t ) >  = 0, 

and theref  o r e  

for each t > 0, from which (7.6) holds.  

Let us def ine  

z , ( t )  = 4 S'(t-s)B'Bz(s)ds, 

and 
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u(t) = - BPz(t), t > 0. 

Then it follows from Theorem 4.1 that 

where x(*) is the solution to (2.1) with initial function ($,q) = (0,O). 

(The operator M and x(*) are associated with the perturbed system 

T * T  g(t) = ( L  + CF ) xt + But of (2.1).) But we have 

Hence 

using Young’s inequality. Since M is continuous from M2 x L2 into M2, 

we have 

-23- 



Now we have from (7.5) 

t 
* 

Ilz(t)ll < ns*(t)+ll + llS(t-s)ll IIFII IC z ( s ) /  ds + llz3(t)ll, 

0 and theref  ore 

0 0 0 

Hence we obtain,  from ( 7 . 6 )  and ( 7 . 8 )  

W 

$Ilz(t)II 2 d t  < w ,  f o r  any 4 E M2. 

0 

Now by Datko's theorem [ 2 ] ,  w e  may conclude t h a t  U ( t ) ,  t > 0 is  

exponent ia l ly  s t a b l e .  (Q.E.D.) 

We now tu rn  t o  prove the  a s s e r t i o n  ( i i )  of Theorem 6 . 2 .  Suppose t h e r e  

e x i s t s  two so lu t ion  P1 and P2 t o  ( 6 . 5 ) .  Then we have, from ( 7 . 7 )  

W 

( 7 . 9 )  
0 

f o r  any (I, E M2 and i = 1 , 2 ,  where z i ( * )  s a t i s f i e s  

t 

L e t  us def ine 
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Then 

* * + < C  z2(t), C z2(t)>)dt. 

But it follows from [ 5 ,  Lemma 6.51 that 

Hence we obtain 

Iv(t>l 2 dt + <Pl+,+> - lim <Plz2(t),z2(t)>, 
t- 

for any (1, E M2, where we need the fact that ltz2(t) It + 0 as t + 03 for any 

> P2 ,  whence, by 
1 This implies P1 < P2. Likewise we may prove that P 

the property of partial orderings P, E P2. 

Finally we prove the last statement of Theorem 6.2. Consider any 

lo c 
2 2 ’  control u E L ([0,-); p). Then for each t > 0 and (1, E M 
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N 

where x(*) is  given by (3.6).  Since pT(0) -+ p s t rong ly  t h i s  implies  

Hence i t  follows from the  uniqueness of the  opt imal  c o n t r o l  and (7.9) t h a t  

* 
u ( t )  = - B P z ( s ) ,  

i s  the optimal s o l u t i o n  t o  (6.1). 

8. Filter S t a b i l i t y  

In  t h i s  s ec t ion  we d i scuss  the  s t a b i l i t y  o f a  

s t o c h a s t i c  delay system 

f i l t e r  equat ion  f o r  t h e  

xo = $ 9  

t 
y ( t )  = Hxsds + F1’2V(t). 

Here the  observation process y ( * )  t akes  values  i n  l?. The linear map 

H:L2([-r,0];l[r) + I? is def ined by 

where y i s  a matrix valued func t ion  of bounded v a r i a t i o n  i n  ( - r ,O) .  
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W(t) ,V( t>  are independent s tandard Wiener processes  i n  * and Rp 

re spec t ive ly .  The mat r ix  F i s  pos i t i ve  d e f i n i t e  and symmetric. The i n i t i a l  

func t ion  I$ i s  assumed t o  be de t e rmin i s t i c  and continuous.  

Define t h e  a b s t r a c t  state z ( t )  E M by 2 

Then it  fol lows from [ 5 ]  t h a t  z ( t )  i s  C([-r,O];& - valued, Gaussian and 

continuous w.p.1, and s a t i s f i e s  the s t o c h a s t i c  evolu t ion  equat ion 

where 

and 
N 

G E L(Rm,M2) i s  def ined by, 

N 

Gu = (Gu,O) E M2 f o r  u E P. 

h 

L e t  us denote by z ( t )  the condi t iona l  expec ta t ion  E [ z ( t )  Iy(s)., 
A 

0 g s 6 t ] .  Then z ( t )  i s  given by 

A 

z(t) = T(t)z(O) + T(t-s)  [HP(s)] * F -1 d I ( s ) ,  (8-6) 

where H:M2 + Rp is def ined by 
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and the innovation process I ( t )  i s  def ined  by 

t A  

0 
(8.8) I ( t )  = y ( t )  - f f z ( s ) d s ,  for each t > 0. 

The e r r o r  covariance opera tor  P ( t ) ,  t > 0 ,  def ined  by 

(8.9) <P(t)I$,4> = E [ < j ( t )  - i ( t ) , $ >  < z ( t ) - i ( t > , b > l ,  

s a t i s f i e s  a R icca t i  equation: 

f o r  a l l  I$ E M2 and P(0) = 0 ,  

where < e , * >  -1: R x R + R is  def ined  by 
F 

and i s  t h e  unique s o l u t i o n  of (8.10) wi th in  the  class of nonnegative d e f i n i t e ,  

s e l f - ad jo in t  ope ra to r s  on M2 s a t i s f y i n g  ( i )  nAP(t)$ii is  l o c a l l y  square  

i n t e g r a b l e  and ( i i )  <<P(t)@,I$>>is l o c a l l y  a b s o l u t e l y  cont inuous f o r  any 

6 E M  2' 

The t h e  next theorem fo l lows  from Theorem 6.2. 

Theorem 8.1. Suppose ( A , f f )  is  s t a b i l i z a b l e  and ( A ,  5) is d e t a c t a b l e .  

Then the  optimal f i l t e r  equat ion def ined  by (8.6) and (8.10) i s  s t a b l e  i n  t h e  

fol lowing sense. 

( i )  The e r r o r  covariance ope ra to r  P ( t )  converges s t r o n g l y  t o  P which 
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s a t i s f i e s  

f o r  a l l  4 E M2. 

(ii) The c losed  loop  opera tor  A - [ ffP 1°F-Iff gene ra t e s  an 

exponen t i a l ly  s t a b l e  semigroup on M2. 

Coro l l a ry  8.2. The s t a t i o n a r y  f i l t e r  equat ion  i s  given by 

* -1 
where u ( t ) ,  t > 0 i s  the  semigroup on M2 generated by A - [ffP] F f f .  
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